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Abstract 

We investigate the geometry and topology of extremal domains in a manifold with negative 
sectional curvature. An extremal domain is a domain that supports a positive solution to an 
overdetermined elliptic problem (OEP for short). We consider two types of OEPs. 

Eirst, we study narrow properties of such domains in a Hadamard manifold and charac¬ 
terize the boundary at infinity. We give an upper bound for the Hausdorff dimension of its 
boundary at infinity and how the domain behaves at infinity. This shows interesting relations 
with the Singular Yamabe Problem. 

Eater, we focus on extremal domains in the Hyperbolic Space H”. Symmetry and bounded¬ 
ness properties will be shown. In certain sense, we extend Eevitt-Rosenberg’s Theorem fTh to 
OEPs, which suggests a strong relation with constant mean curvature hypersurfaces in H". In 
particular, we are able to prove the Berestycki-Caffarelli-Nirenberg Conjecture under certain 
assumptions either on the boundary at infinity of the extremal domain or on the OEP itself. 

Also a height estimate for solutions on extremal domains in a Hyperbolic Space will be 
given. 


1 Introduction 

Alexandrov introduced the moving plane method and used it to prove a very classical result 
in the theory of constant mean curvature (CMC for short) hypersurfaces: the only compact CMC 
hypersurfaces embedded in the Euclidean n-space M" are spheres. By also applying the moving 
plane method and meanwhile improving the boundary point maximum principle to a more delicate 
version (cf. ll^ Lemma 1]), Serrin proved that if the OEP 

{ Am = — 1 in 

M > 0 in 

M = 0 on 

(VM,v)R" = a on 

MSt 2010: 35Nxx; 53Cxx. 
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has a solution w G C^(^2), then Q. must be a ball, where is a bounded open eonneeted domain in 
M”, V the unit outward normal veetor of the boundary dQ., (■•)«« the inner produet in M", and a a 
non-positive eonstant. This result of Serrin is of great importanee, sinee it made the moving plane 
method available to a large part of the mathematieal eommunity. If the eonstant —1 in the first 
equation of the above OEP (11.11) is replaeed by a funetion / with Lipsehitz regularity, Pueei and 
Serrin |[34]l ean also get the symmetry result, i.e., the domain Q. must be a ball in M" also. The OEP 
has wide applieations in physies, whieh ean be used to deseribe some physieal phenomenons. Eor 
instanee, if the eonstant — 1 in (11.11) is replaeed by some eonstant —k depending on the viseosity 
and the density of a viseous ineompressible fluid moving in straight parallel streamlines through a 
straight pipe of given eross seetional form O, and moreover, if we set up reetangular eoordinates 
{x,y, z) with the z-axis direeted along the pipe, then the veloeity u of this flow satisfies the equation 

Am -f- /: = 0 

with the boundary eondition m = 0 on dQ.. Applying Serrin’s result, we ean elaim that the tangential 
stress per unit area on the pipe wall, whieh is represented by /i(VM,v) where /i is the viseosity, is 
the same at all points of the wall if and only if it has a eireular eross seetion. Besides, in the linear 
theory of torsion of a solid straight bar of eross seetion Q, and also in the Signorini problem, the 
OEP introdueed above is related to the physieal models therein (see, e.g., ffT^l40l for the details). 

We know that if one imposes suitable eonditions on the separation interfaee of the variational 
strueture, overdetermined boundary eonditions naturally appears in free boundary problems (see, 
for instanee, (Hi). In this proeess, several methods based on blow-up teehniques applied to the 
interseetion of Q with a small ball eentered at a point of dQ were used to loeally study the reg¬ 
ularity of solutions of free boundary problems. This leads to the study of an elliptie equation in 
an unbounded domain. In this situation, Berestyeki, Caffarelli and Nirenberg |l4l eonsidered the 
following OEP 


Au-\- f{u) = 0 

in 

O, 

u > 0 

in 

O, 

u = 0 

on 

dQ, 

(Vm,v)r« = a 

on 

dQ, 


where O C M” is an unbounded open eonneeted domain, / is a Lipsehitz funetion. They proved 
that if furthermore O is a Lipsehitz epigraph with some suitable eontrol at infinity, and the above 
OEP has a bounded smooth solution, then O is a half-spaee. Also in this paper, they gave a very 
niee eonjeeture as follows. 

BCN-Conjecture: If f is a Lipsehitz function on M-(_, and Q is a smooth domain in 
M” such that is connected, then the existence of a bounded solution to OEP ( li.2D 
implies that Q is either a ball, a half-space, a generalized cylinder x where 
is a ball in or the complement of one of them. 

BCN-Conjeeture has motivated many interesting works. Eor instanee, A. Larina and E. Valdinoei 
[fT^ [T71 [TSll obtained some natural assumptions to eonelude that if Q is an epigraph where there 
exists a solution to OEP (11.21) then, under those assumptions, Q must be a half-spaee and m is a 
funetion of only one variable. When / is a linear funetion f(t) = Xt, t > 0, and n ^ 3, by eon- 
strueting a periodie perturbation of the straight eylinder x R, where B" is the unit ball of R", 
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that supports a periodic solution to OEP (11.21) . P. Sicbaldi [[39l successfully gave a counterexample 
to the BCN-Conjecture in dimension greater than or equal to 3. Although the BCN-Conjecture is 
invalid for n ^ 3, the 2-dimensional case is still an open problem. Recently, A. Ros and P. Sicbaldi 
lf35]l have given a partial answer to the BCN-Conjecture in the case of dimension 2. More pre¬ 
cisely, they proved that if Q. is contained in a half-plane and |Vm| is bounded, or if there exists a 
positive constant A such that f{t) ^ Xt for all t > 0, then the BCN-Conjecture is true for n = 2. 
Besides, A. Ros and P. Sicbaldi |[35]l have also shown that some classical results in the theory of 
CMC hypersurfaces extend to the context of OEPs (see Il35l Theorems 2.2, 2.8 and 2.13]). 

Erom the above discussion, we know that the OEP is an interesting and important topic, which 
is worthy of investigating and still has some unsolved problems left. 

The purpose of this paper is to study the geometry and the topology of a domain Q.C M, where 
M is an n-dimensional (n ^ 2) manifold with negative sectional curvature, on which the OEP (11.31) 
or (11.41) below can be solved. Eor convenience, we call such domain Q. to be the f-extremal domain 
of the OEP (11.31) or (11.41) . 

In this paper, we first consider the following OEP 

Au-\- f{u) =0 in 
M > 0 in 

M = 0 on 

{Vu,v)m = oc on 

where O is an open connected domain in a complete Hadamard n-manifold (M, g) with boundary 
do. of class C^, / is a given Eipschitz function, (•, ■)m is the inner product on M induced by the 
metric g, v the unit outward normal vector of the boundary dO. and a a non-positive constant. 

In Section 2, we prove narrow properties for the /-extremal domain O C M of the OEP (11.31) . 
provided the function / satisfies a property Pi described in Proposition [ZT] in Section[2| 

Theorem 12.61 Let Q be an open (bounded or unbounded) connected domain of an 
n-dimensional (n ^ 2) Hadamard manifold M whose sectional curvature K of M is 
pinched as follows 

—k\ ^ —k2 < 0 , 


O, 

O, 

( 90 , 

do.. 


(1.3) 


with ki and k 2 two nonnegative constants. Assume that one can find a (strictly) positive 
function u G C^(0) that solves the equation 


Am4-/(m)= 0 in O, 

where f : (0, -|-oo) —)■ M satisfies the property Pi mentioned in Lemma \2.1\ for some 
constant X satisfying X > 


Then, there is no conical point x G dooLl of radius r > 


c\{n,ki) 


. In particular, the Haus- 


dorff dimension of dooLl satisfies dim^((9cx,0) <n—l. Here, ci{n,ki) is a uniform 
constant depending only on n and k\. 


Eoosely speaking. Pi means that we can find a solution v to the Dirichlet problem 

{ Av = —Av in B(p,R), 
v>0 in B(p,R), 
v = 0 on dB(p,R), 
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in a ball B{p^R) C M of certain radius, bounded uniformly by for any point p &M. 

Geometrieally speaking, a eonieal point x G do^Q. of radius r (see Definition [23]) means that Q. 
contains a neighborhood at infinity of the set of points at fixed distanee r from a eomplete geodesie 
7 in M. Then, as an immediate eonsequenee we get 

Corollary IITTI Iff satisfies property Pi mentioned in Lemma \2J\f or some constant X 

satisfying X > ^ horoball can not be a f-extremal domain in a Hadamard 

manifold M of sectional curvature —k\ ^ —k 2 < 0. 


In Section 3, we foeus on a more general OEP, that is, we eonsider the OEP 

In 


£ afu, Vm ) ■ d^^uE f{u, Vw ) = 0 

i=l 

u>0 

in 

0 , 

in 

0 , 

u = 0 

on 

dkl, 

(VM,v)]g[«(_^) = a 

on 

dkl, 


(1.4) 


where Q is an open (bounded or unbounded) eonneeted domain, with boundary dfl of elass C^, in 
the hyperbolie n-spaee Wf—k) with eonstant seetional eurvature —k < 0, (•, •)e«(-A:) is the inner 
produet on H["(—k), and a, v have the same meanings as those in the OEP (11.21) . Moreover, 
afu, |Vm|) and /(w, |Vm|) are continuously differentiable funetions with respeet to variables u and 
IVm|, with IVm| the norm of the gradient vector Vm = {d\u,... ,dnu), respectively. Here we have 
used a eonvention that for a loeal eoordinate system on E["(—k), djU stands for the 

partial derivative of u in the vi-direetion, and then naturally, diU = ^ and d^jU = denote the 
covariant derivatives. Besides, we require that the first PDE in (11.41) is uniformly elliptie, that is, 
there exist positive eonstants 0 < Ai < A 2 sueh that 


A,.|CP<£a,-(«.|V„|)C2<A2.|f|^ 

!=1 


where C = (Cir" ^ M”. 

Remark 1.1. We elaim that the first PDE in (11.41) is well defined, whieh is equivalently said that 
the operator ^u := afu, | Vm|) ■ df^u + /(w, | Vm|) is independent of the ehoiee of the loeal 
eoordinate system {xi}\^ij^n on EI"(—k). 

In fact, set diagonal matrix A = {afiu^ l^^l)^'/)nxn’ Kroneeker symbols, and then 

we can rewrite ^u as 

^u = Tr {AV^u') +/(m, |Vm|), 

where Tr(-) denotes the traee of a given matrix, and is the Hessian of u. 

Clearly, Tr (AV^u) is a well defined operator whieh is independent of the ehoiee of eoordinates. 
Therefore, ^u is globally defined on EI"(—k), and the first PDE in (11.41) makes sense. 

Symmetry and boundedness properties related to the /-extremal domain kl of the OEP (11.41) 
will be given in Sections (3] In certain sense, the Hyperbolie geometry imposes more restrictions 
to the extremal domain than the Euelidean geometry. We prove: 
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Theorem 13.31 Assume that Q. is a connected open domain in H", with properly em¬ 
bedded boundary E, on which the OEP (1231) has a solution u eC^{0). 

Assume that dooEl C E, where E is an equator at the boundary at infinity 

Let P be the unique totally geodesic hyperplane whose boundary at infinity is E, i.e., 

dooP = E. 

It holds: 

• If dooEl = 0, then Q is a geodesic ball and u is radially symmetric. 

• IfdooEl 7 ^ 0, then Q is invariant by the reflection Idfp through P, i.e., Afp{Q.) = LI. 
Moreover, u is invariant under M, that is, u{p) = u{ff{p)) for all p E LI. 

As we pointed out above, A. Ros and R Siebaldi showed that when the extremal domain is 
contained in the Euclidean Space C M”, there exists a close relation between OEP and properly 
embedded CMC hypersurfaces in M". They showed analogous results to those for properly embed¬ 
ded CMC hypersurfaces in the Euclidean Space developed by Korevaar-Kusner-Meeks-Solomon 
[l25l [26l 1^ . In the Hyperbolic setting, Theorem 13.31 could be seen as the extension of Eevitt- 
Rosenberg’s Theorem Il27]l for OEP. 

We mention here two important consequences of Theorem l3.3[ The first one can be seen as the 
OEP version of the famous do Carmo-Lawson Theorem ifTTI . 

Theorem 13.81 Assume that LI is a domain in H”, with boundary a properly embed¬ 
ded hypersurface E and whose asymptotic boundary is a point x G d^W^, on which the 
OEP di.4D has a solution u G C^(Ll). 

Then, LI is a horoball Dx{t),for some t G M and u is horospherically symmetric. 

See Definition 13. 7 1 for a precise definition of horospherically symmetric. And the OEP version 
of the Hsiang’s Theorem [|23]| . 

Theorem 13.121 Assume that LI is a domain in H", with boundary a properly 
embedded hypersurface E and whose asymptotic boundary consists in two distinct 
points x,y G ^ y, on which the OEP di.4D has a solution u G C'^{LL). Then 
LI is rotationally symmetric with respect to the axis given by the complete geodesic 
P whose boundary at infinity is {x,y}, i.e., = x and fi = y. In other words, LI 

is invariant by the one parameter group of rotations in H" fixing fi. Moreover, u is 
axially symmetric w.r.t. fi. 

Note that Theorem 13.31 and Theorem 13.101 prove the BCN-conjecture in H" under assumptions 
on its boundary at infinity. That is. 

Corollary 13.131 Assume that LI is a domain in H", with boundary a properly 
embedded hypersurface E and whose asymptotic boundary consists at most in one 
point X G on which the OEP di.4D has a solution u G C'^{Ll). Then, 

• either LI is a geodesic ball and u is radially symmetric, 

• or LI is a horoball and u is horospherically symmetric. 
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In Section 4, we prove the BCN-conjecture in dimension n = 2 under assumptions on the OEP. 
Specifically: 

Theorem 14.21 Let Q a domain with properly embbeded connected boundary 
such that \ is connected. If there exists a (strictly) positive function u G C^(Q) 
that solves the equation 


Au+f(u) = 0 

in 

0 , 

u> 0 

in 

0 , 

u = 0 

on 

do., 

(VM,v)e2 = a 

on 

do., 


where f : (0, + 0 °) —)■ M a Lipschitz function that satisfies the property Pi mentioned 
in Lemma \2.1\ for some constant X satisfying A > ^, then Q. must be a geodesic ball 
and u is radially symmetric. 

We finish by obtaining a height estimate in Section |5l 

Remark 1.2. To finish, we would like to point out that, if furthermore ai and f are analytic, then 
the uniqueness of the solution (if exists) to the OEP i li.4l) can be assured by applying / [7^ Theorem 
5]. 


2 Narrow properties of /-extremal domains 

We begin this section by proving that a /-extremal domain cannot be too big in ]H["(— A) under 
certain conditions on /, that is, a /-extremal domain Q. C ]H["(— A) does not contain a ball of radius 
R, R depends only on k and n. We extend this result to Hadamard manifolds. We continue by 
studying the boundary at infinity of a /-extremal domain in a Hadamard manifold and how is the 
behavior of the points at the boundary at infinity. In particular, we show that a horoball cannot 
be a /-extremal domain. Finally, we exhibit some interesting analogies with the singular Yamabe 
Problem. 

2.1 The Narrow property of /-extremal domains 

We first recall some fundamental results on the Dirichlet problem on hyperbolic spaces. Consider 
the eigenvalue problem in the hyperbolic n-space 'E"{—k) with constant sectional curvature —k<0 
given by 


r Av + Av = 0 in U 

\v = 0 on 

where is a geodesic ball of radius 7? > 0 in ]H["(— A). One does not need to specify a 

center for the geodesic ball since the hyperbolic space is two-points homogeneous, which implies 
that the first Dirichlet eigenvalue of the Laplacian of two geodesic balls of same radius but different 
centers are the same. 
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On the one hand, eonsider geodesie polar eoordinates (t, ) G [0, +oo) x §" ^ set up at arbitrary 
point p of W{—k), the Laplaee operator A ean be rewritten as 


where t = <i(p, •) is the distance to p on I¥‘{—k) and A§„-i is the Laplacian on the unit (n — 1)- 
sphere By Courant’s nodal domain Theorem (see, e.g., page 19 of [|7]|), we know that the 
dimension of the eigenspace of the first Dirichlet eigenvalue is 1 and its eigenfunction is the only 
eigenfunction which cannot change sign within the specified domain. Based on these two facts 
and (12.11) . we know that the first Dirichlet eigenvalue Xi{R) of the Laplacian on a geodesic ball of 
radius R in EI''(—k) and its eigenfunction v satisfies the following ODE 


^ + (n - l)\/kcoth(\/kt) • ^ + Ai(i?) • v = 0, 
J(0) = v(«) = 0, 


( 2 . 2 ) 


which implies that the corresponding eigenfunction v is radial. There are several interesting esti¬ 
mates for the first Dirichlet eigenvalue X\{R) in W'{—k) that we would like to mention here. More 
precisely, McKean OTI proved that Ai (R) satisfies 

, , , (n — l)^k 

Ai (R) ^ for all R>0, 


and moreover, the asymptotical property 

lim Ai(7?) 


(n — l)^k 
4 


holds. Savo 113611 improved McKean’s result in the following sense: if k = 1, he gave the estimate 


{n-iy 


n 


4;r^ 


l)i?3 




{n-l? 

4 


Tt 




where c = 


)(«+!) 


I-^dt. 

•I smh f 


Moreover, this estimate can be sharpen if n = 3. More pre¬ 


cisely, if n = 3, Savo proved that the first Dirichlet eigenvalue Xi{R) in H"(—k) is XfR) = k + ^. 
Recently, Savo’s estimates has been generalized by Artamoshin. In fact, Artamoshin Q gave esti¬ 
mates for the first Dirichlet eigenvalue Ai (R) inE["(—k) as follows: 5 + ^ ^i{R) ^ ? + 

for n = 2; he can obtain the same estimate as Savo’s showed using a different way for n = 3; 


Ai(R) > 


{n~iyk 


+ (f)" for n ^ 4. Therefore, according to the facts above and applying the 


domain monotonicity of eigenvalues (see, e.g., page 17 of ||71), we know that: for any number 
^ < X < -t-oo, there exists R^ ^ > 0 that Ai (R^.n) = In other words, for any constant 


constant A > 




there exists a function v such that 


Av + Av = 0 in 

v>0 in B^n^_k){p,Rx^n). 

v = 0 on 


(2.3) 
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hods on a geodesic ball C with center p G and radius Rx,n^ and 

?ii{Rx_n) = A. Clearly, this radius Rx^n depends on n and the chosen number A, and which can 
always be found. 

Now, by (12.31) and the maximum principle, we can prove the following narrow property for the 
/-extremal domain on E[”(—/:). 

Lemma 2.1. Assume that Q is an open (bounded or unbounded) connected domain ofW^{—k) 
(n'^2) such that one can find a (strictly) positive function u G C^(Q) that solves the equation 


Am-|-/(m)= 0 in fi, 


(2.4) 


where f : (0, -|-oo) —> M satisfies the property 


Pi : There exists some positive constant A > 


^ such that f{t) ^ Xt for all t > 0. 


Then, Q. does not contain any closed geodesic ball of radius Rx where Rx „ is determined in 
(12.31) . Moreover, if u satisfies the boundary conditions 


u = 0 and (Vw, = a on dQ. (2.5) 

for some negative constant a, then either the closure Q does not contain any closed geodesic ball 
of radius Rx^n or El is a geodesic ball of radius Rx^n- Here, v is the outward unit vector along dEl. 

Proof In this proof, unless specified, H" will denote E["(—fc). Let w be a solution to (12.41) with / 
satisfying the property Pi. Suppose that there exists a point p G H" such that B{p,Rx^„) C 

Let V be the solution to (12.31) normalized to have L^-norm 1. Since m > 0 in and v is bounded 
in B(p,Rx^n)^ it i® possible to find a constant e > 0 such that the function 


ve := e-v 


satisfies the following properties: 

(1) Ve(x) ^ u(x) for any x G 5(p,7?;t „); 

(2) there exists some xq G B{p,Rx^n) such that Ve(xo) = u{xo). 

Now, we would like to apply the maximum principle to the function u — V£. In fact, by the 
property Pi, we have 

A(u-Ve) = -f{u)+Xve ^ -X{u-Ve) ^ 0 mB{p,Rx^„), 

which implies that m — Vg is a super-harmonic function on B{p,Rx^„)- Besides, we have (u — 
Ve){x) ^ 0 for any X G dB{p,Rx^„)- Hence, by applying the maximum principle to u — Ve, we know 
that M — Ve should attain its minimum 0 at the boundary dB(p,Rx^,f) ■ However, at the interior point 
Xq we also have (w — Ve)(xo) = 0. This is a contradiction. Therefore, our assumption cannot hold, 
which means that El does not contain any closed geodesic ball of radius Rx,n- This completes the 
proof of the first assertion. 

We will prove the second assertion by contradiction. Assume that the second claim is not true. 
Then there should exist some point p G H" such that B{p,Rx ,n)^ El, and moreover, p can be 
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chosen suitably such that the boundary of B{p,Ri „) internally touches the boundary of Q. at some 
point q. The existenee of the point q can always be assured. If at the beginning one chooses a point 
p such that B{p,Ri „) fl dO. = Ql, in this case, one just needs to move B{p,Ri „) inside Q. along a 
fixed direetion gradually sueh that B{p,R^^„) tangents internally to dO. at some point, since dO. is 
C^, and then this point is just the point q one wants to find. On the other hand, boundary eonditions 
(12.51) imply that there exists a positive constant (.q such that the funetion 


v^o = ^0 • V 


has the following properties: 

(1) Vi^ix) < u{x) for any X e B{p,Rx „); 

(2) the Neumann data of at the boundary dB{p,Ri ,i) are equal to a eonstant /3 sueh that 
a < /3 < 0. 

Defining a function V£ as V£ £ -v and then inereasing the parameter £ starting from £o gradually, 
one of the following two situations happens: 

(1) there exists some xq G B{p,Rx ,^ sueh that V£{xq) = u{xo), or 

(2) the Neumann data of V£ beeomes (Vv£,v)e" = cc, and moreover Vi{x) < u{x) for all x G 
B{p,Rx,n)- 


In ease (I), applying the maximum prineiple to the funetion u — vg, it follows that u = V£ and 
\honQ. = B{p,Rx^n)- 

In ease (2), we know that 

^{u-vg) = -f{u)EXvg ^ -Xiu-vg) ^ 0 in B{p,Rx,n)^ 

whieh implies that m — is a super-harmonie funetion in B{p,Rx^n)- Together with the faet that 
{u — V£){q) =0and (V(m —v^), v)e" = 0 at the point ^ G we ean obtain that w — 

vanishes in a neighborhood of q within Q. This is eontradiet with the faet that (u — V£)(x) > 0 for 
any interior point x G B{p,Rx^n)- So, in case (2), EL ean only be a geodesic ball with radius Rx,n- 
This completes the proof of the second assertion. □ 

The conclusion of Lemma l2.1l can be improved to Hadamard manifolds (i.e., simply eonnected 
Riemannian manifolds with non-positive seetional eurvature) as follows. 

Lemma 2.2. Assume that El is an open (bounded or unbounded) connected domain of an n- 
dimensional (n^2) Hadamard manifold M whose sectional curvature K ofM is pinched as follows 

—k\ ^ —kx ^ 0, 

with ki and kx two non-positive constants. Assume that one can find a (strictly) positive function 
u G C^(EL) that solves the equation 


Am-|-/(m)= 0 in El, 


where f : (0, -|-oo) —)■ M satisfies the property Pi mentioned in Lemma \2.1\ for some constant X 
satisfying X > 
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Then, Q. does not contain any closed geodesic ball of radius where ci{n,ki), only 

depending on n and k\, is the first positive zero-point of the function z{t) satisfying the following 
boundary value problem 

{ z”{t) + (n- \ )^/k[co\h{y/k\t)z!{t) + z = 0, 

^'( 0 )= 0 , 

I ^(0) = 1 . 

Moreover, if u satisfies the boundary conditions 


u = 0 and {Vu,v)m" = Ot on dQ. 


for some negative constant a, then either the closure Q does not contain any closed geodesic ball 
of radius or Q. is isometric to a geodesic ball of radius in ]H["(—fci) and u is given 

bv (IZll). 


Proof For any point p ^ M and a positive constant A > — , there exists some constant 

Rx.n.p > 0, dependingon A, n, and the point p, suchthat Ai(5m”(P;^A,«,p)) = where 5M(p,^A,n,p) 
is the geodesic ball on M with center p and radius Rx^n,p^ as before, Ai(-) denotes the first 
Dirichlet eigenvalue of the Laplacian on the corresponding geodesic ball. So, there exists a func¬ 
tion V such that 


( Av + Xv = 0 in BMip,Rx,n,p), 

v>0 in BM{p,Rx,n,p)^ (2.6) 

[ v = 0 on dBM{p,Rx,n,p), 

hods. Clearly, v is the eigenfunction of Ai(5M(p,^i.n,p)) = Now, based on v which is de¬ 
termined by (12.61) . we can construct functions Vg and as in the proof of Lemma [2?T] on the set 
BM{p,Rx,n,p)- Therefore, similar to the procedure in the proof of Lemma [2Tl by applying the 
maximum principe to the differences u — Ve and u — vi, where u is the solution to Au -t- f{u)=0, all 
the conclusions in Lemma [2^ can be obtained except 


R 


X,n,p 


< 


ci{n,ki) 

VX 


and the range for A. Now we would like to prove these two remaining claims. 

In fact, by Cheng’s Eigenvalue Comparison Theorems (cf. [[Sllll), we have for rg > 0, 


Al(V'„(A2,ro)) ^ Ai(5M(p,ro)) ^ Ai(y„(Ai,ro)) 


(2.7) 


holds, where V„{ki,ro) is the geodesic ball of radius ro in the space n-form of constant sectional 
curvature ki (i = 1,2). We know that 

Ai(y,(A;, ro) ) ^ ^^ and lim Ai(y„(A/, ro)) = - 

4 ro-S.+°° 4 

Therefore, letting ro tends to infinity in (12.71) . one has 

Ai(M):= lim Ai(^m(p,^o)) ^ 

ro—>--1-°° 4 
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and letting ro tends to zero one has 

lim Ai(5M(p,ro)) ^ lim Ai(14(^2,?'o)) = +°° 

ro-S>0 ro^O 


If A > 
that 


{n~l)^k2 

4 


, by the domain monotonicity of eigenvalues, we have that there exists R\ sueh 


and henee, by the domain monotonicity of eigenvalues again, for any p E M there exists 0 < 
Rx,n,p ^ ^1 sueh that 


M{BM{p,Rx,n,p)) 


whieh implies the existenee of the solution v to (12.61) . Also, Rx,n,p = it and only if, Bm{p,Ri) is 
isometrie to 14 (^ 1 ,^?!) by Cheng’s Eigenvalue Comparison Theorem. Henee, the solution u must 
be given by ( 12 . 21 ) . 

Moreover, as mentioned before, when we foeus on the first Diriehlet eigenvalue, the eigenvalue 
problem (12.11) in the hyperbolie spaee ean be degenerated to an ODE, and this faet is also valid for 
the Euelidean spaee and the sphere. Therefore, in the spaee forms, the first Diriehlet eigenvalue 
of the Laplaeian on a geodesie ball ean be eomputed exaetly onee the radius is preseribed. In faet. 


based on this truth, one ean easily know that Xi 


= X and Ai j = x, with Ci{n,ki) 

(i =1,2) determined by ODEs of the forms as the one above in Eemma [2^ Together with the faet 
^2 ^ Bx n p ^ shown above, we have 


cijn^kx) 

Vx 




ciin,ki) 

s/X 


However, we elaim that the radius Rx,n,p can be only ehosen to be . This is beeause, in 

the ease of Hadamard manifolds, Rx,n,p depends on the ehoiee of p. Here we would like 
to explain this elaim using a very interesting example. Eor instanee, we ean assume that M is a 
Hadamard manifold having two subsets Ei, r 2 sueh that M\ (Ei UE 2 ) 7 ^ 0, .^|ri = —ki, —ki ^ 
^lM\(riur 2 ) ^ and .^|ri = —kx- If furthermore the /-extremal domain kl interseets Ei, E 2 , 

and A/\ (E 1 UE 2 ) simultaneously, then the suitable radius we ean ehoose is only Qur elaim 

follows. This eompletes the proof of Lemma [221 Cl 


Remark 2.3. In faet, Cheng’s eigenvalue eomparison theorems have been improved to more gen¬ 
eralized forms for eomplete manifolds with radial (Rieei or seetional) eurvature bounded (ef. Il20l 
Theorems 3.6 and 4.4]). Even for the nonlinear p-Laplaeian Ap(-) = div (|V(-)/“^V(-)) with 
\ < p < °°, whieh is a natural generalization of the linear Laplaee operator, a Cheng-type eigen¬ 
value eomparison result ean also be aehieved for eomplete manifolds with radial Rieei eurvature 
bounded from below (of. [|28l Theorem 3.2]). 
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2.2 Boundary at infinity of a /-extremal domain 

The aim now is to study the boundary at infinity of a /-extremal domain. However, in order to 
show the application clearly, we prefer to recall some preliminaries about Hadamard manifolds 
first. For more details, see for instance [[T3ll . 

Let M be a simply connected Hadamard manifold. It is well known that the cut locus of any 
point on M is empty, which implies that for any two points on M, there is a unique geodesic joining 
them. Therefore, the concept of geodesic convexity can be naturally defined for sets on M. 

Let Vi (i= 1, 2) be two unit vectors in TM and let Yy.(t),i= 1,2, be two unit-speed geodesics on 
M satisfying "/^.(O) = v,. We say that two geodesics jvi (0 Yvii^) ^^e asymptotic if there exists 
a constant c such that the distance d{Yy^ {t),Yy^{t)) is less than c for all t ^ 0. Similarly, two unit 
vectors vi and V 2 are asymptotic if the corresponding geodesics jy^ {t), 7 v 2(0 have this property. It 
is easy to find that being asymptotic is an equivalence relation on the set of unit-speed geodesics 
or on the set of unit vectors on M. Every element of these equivalence classes is called a point at 
infinity. Denote by Moo the set of points at infinity, and denote by 7 (-l-oo) or v(oo) the equivalence 
class of the corresponding geodesic Y{t) or unit vector v. 

Assume that the Hadamard manifold M has a sectional curvature bounded from above by a neg¬ 
ative constant. Then for two asymptotic geodesics 7 i and 72 , the distance between the two curves 
7 i I [fo,+oo), 72 I [fo,+oo) is zero for any to G M. Besides, for any v,y G Moo, there exists a unique oriented 
unit speed geodesic 7 (t) such that 7 (-|-o°) = x and 7 (—°°) = y, with 7 (— 0 °) = y the corresponding 
point at infinity when we change the orientation of 7 . 

For any point p eM, there exists a bijective correspondence between a set of unit vectors at p 
and Moo. In fact, for a point p e M and a point v G Moo, there exists a unique oriented unit speed 
geodesic 7 such that 7 ( 0 ) = p and 7 (-|-oo) = x. Equivalently, the unit vector v at the point p is 
mapped to the point at infinity v(oo). Therefore, Moo is bijective to a unit sphere. 

Set M* = MU Moo. For a point p eM, let ‘YY be an open set in the unit sphere of the tangent 
space TpM. For any r > 0, define 

T{^,r) := {7v(0 G M*\v e r <t ^ -|-o°}. 

Then we can construct a unique topology on M* as follows: the restriction of to M, £Y\m, 
is the topology induced by the Riemannian distance; the sets ,r) containing a point x G Moo 
form a neighborhood basis at x. We call such topology the cone topology of M*. Clearly, the cone 
topology satisfies the following properties: 

(Al) ^|m coincides with the topology induced by the Riemannian distance; 

(A2) for any p E M and any homeomorphism h : [0,1] —> [0,-|-oo], the function (p, from the 
closed unit ball of TpM to M*, given by (p{v) = expp(fi(||v||)v) is a homeomorphism. Moreover, (p 
identifies Moo with the unit sphere; 

(A3) for a point p E M, the mapping v —?■ v(oo) is a homeomorphism from the unit sphere of 
TpM onto Moo. 

Using the notion of the cone topology one can define the boundary at infinity of a subset of 
M. In fact, given a subset ACM, its boundary at infinity is the set dAUMoo, where dA is the 
boundary of A w.r.t. the cone topology. Denote by dooA the boundary at infinity of A, which 
implies dooA = dAUMoo. 

Now, based on the above brief introduction, we can define Busemann functions and then horo- 
spheres. Given an unit vector vmTM, let Yy{t) be the oriented geodesic on M satisfying /(O) = v. 
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then the Busemann funetion By : M ^ M, associate to v, is defined by 

By{p)= lim d{p,Yv{t))-t. 

f—>-+oo 

It is not difficult to see that this function has the following properties (cf. lfT3]l l: 

(Bl) Bv is a convex function on M; 

(B2) the gradient VBy{p) is the unique unit vector w at p such that v(oo) = —w(oo); 

(B3) if w is a unit vector such that v(oo) = w(oo), then By — B^ is a constant function on M. 

Given a unit vector v'mTM which is mapped to a point at infinity, say x, clearly, x G Moo. The 
horospheres based at x are defined to be the level sets of the Busemann function By. We denote by 
Hx{t) the horosphere based at x at distance t, that is, 

= {p^M -. By{p) = t, v(+oo) = x}. 

The horospheres at x give a foliation of M, and by (Bl), we know that each element of this 
foliation bounds a convex domain in M which is called a horoball. By (B2), the intersection 
between a geodesic 7 and a horosphere at 7 (+oo) is always orthogonal. By (B3), the horospheres 
at X do not depend on the choice of v. 

Denote by int(-) the interior of a given set of points, we can obtain the following. 

Lemma 2.4. Assume that Q. is an open (bounded or unbounded) connected domain of an n- 
dimensional (n ^ 2) Hadamard manifold M whose sectional curvature K ofM is pinched as follows 


—ki ^ —k2 < 0 , 


with k\ and k 2 two positive constants. Assume that one can find a (strictly) positive function 
u G that solves the equation 


Am + /(m)= 0 in 

where f : (0, + 00 ) —)■ M satisfies the property Pi mentioned in Lemma \2.1\ for some constant X 
satisfying A > Then, int(^oof2) = 0. 

Proof. Assume that int(^oof2) 7 ^ 0 and let x G int((9oof2) C Moo be an interior point. Consider the 
foliation by horospheres Hx{t) based at x. 

The sequence of horospheres converges to x as t + 0 °. Together with the fact 

X G int((9cx,f2), there exists some T with |r| < +00 such that the horosphere Hx(t) is completely 
contained in Q C M for all t > T. 

Fix t > T. Let /3 be the unique complete geodesic such that = x and /3(0) = p G 

Hx(t). It is clear that /3(0, + 0 °) C Dx{t), where Dx{t) denotes the horoball bounded by Hx{t), and 
d{fi(s),Hx(t)) -)■ +00 as 5 -)■ + 00 . 

Thus, there exists 5 o > 0 such that the geodesic ball centered at fi{so) of radius is 

completely contained in Dx{t) C kl, which contradicts the conclusion of Lemma 12.21 Hence, 

int((9oof2) = 0. □ 
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In fact, we can be more precise about the structure of the boundary at infinity of a /-extremal 
domain. But first, we shall need to introduce some notation. Given x G Moo, we define the cone at 
infinity based on x of parameters y G Moo \ {x}, r > 0 and 5 G M as the set of points 

%{y,r,s) = {peM; d{y{s),p) < r for all5 > 5 }, (2.8) 

where 7 is the unique complete geodesic joining x and y, that is, 7 (-|-°o) = x and 7 (—°°) = y. With 
this, we define: 

Definition 2.5. Let Q. d M be a connected domain such that dooLl 7 ^ 0. We say that x G dooLl is a 
conical point of radius r if there exist yo G Moo and sq dR such that %:(yo, r, sq) C Q.. 

Moreover, we say that x is a horospherical point if there exists t G M such that Dxit) C here 
Dxit) is the horoball bounded by the horosphere Hx{t). 

Note that a horospherical point is nothing but a conical point of radius infinity. Hence, now we 
can state: 

Theorem 2.6. Let LI be an open (bounded or unbounded) connected domain of an n-dimensional 
(nfi 2) Hadamard manifold M whose sectional curvature K of M is pinched as follows 

—ki ^ —k2 < 0 , 

with k\ and k 2 two positive constants. Assume that one can find a (strictly) positive function 
u G C^(Q) that solves the equation 


Au-\-f(u)=l) in LI, 


where f : (0, -|-oo) —)■ M satisfies the property Pi mentioned in Lemma \2.1\ for some constant X 
satisfying X > 

Then, there is no conical point x G dooLl of radius r > In particular, the Hausdorff 

dimension ofdooLl satisfies dim (dooLl) < n — 1. 

Then, 


Proof. By contradiction, suppose there exists x G d,^Ll a conical point of radius r > 
there exist yo G Moo \ {x} and ^ such that %c(yo, b ^o) ^ 


Then, for all s>so-{- 


the ball centered at /3 (5) of radius is contained in ^x{yo, b ^o), 

which contradicts Lemma [2^ 

Now, if the Hausdorff dimension do^Ll were n — 1 then (9oof2 would contain an open set, and 
therefore dooLl would contain a horospherical point. This contradicts Lemma lL4l □ 


As an immediate consequence we get 

Corollary 2.7. Iff satisfies property Pi mentioned in Lemma IZTl for some constant X satisfying 
X > Q horoball can not be a f-extremal domain in a Hadamard manifold M of 

sectional curvature —k\ ^ —k 2 < 0. 
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2.3 Concluding remarks 

We would like to close this section by making some analogies of these overdetermined elliptic 
problems, CMC hypersurfaces in the hyperbolic space and the singular Yamabe Problem. 

The geometric idea behind Theorem 12.61 is that the mean convex side of a properly embedded 
CMC H hypersurface E C H" cannot contain a sphere of the same mean curvature. Hence, in 
particular, a properly embedded CMC H > I hypersurface in H" cannot contain a horospherical 
point at its boundary at infinity. 

Also, from the works of Mazeo-Pacard ll29l[^ . Espinar-Galvez-Mira |[T4]| and Bonini-Espinar- 
Qing [[51, there exists a close relation between complete conformal metrics on subdomains of the 
sphere of constant positive scalar curvature (singular Yamabe Problem) and CMC-type hypersur¬ 
faces in the hyperbolic space. The singular Yamabe Problem is the following: 

Given a closed set Ac. n ^ 3, called the singular set, does there exists a complete 

conformal metric to the standard metric of the sphere on \ A of constant positive 

scalar curvature ? 

One interesting result about the singular Yamabe problem is the following 

Schoen-Yau Theorem Il37]| ; The singular set A C S” ^ n ^ 3, has Hausdorff dimen¬ 
sion less or equals than 

Hence, Theorem 12.61 and Schoen-Yau Theorem motivate us to conjecture: 

Conjecture A: Let CL be an open (bounded or unbounded) connected smooth domain 
of an n-dimensional (n^3) Hadamard manifold M whose sectional curvature K ofM 
is pinched as follows 

—ki ^ K ^ —k2 < 0, 

with k\ and k2 two positive constants. Assume that one can find a (strictly) positive 
function u G C^(CL) that solves the equation 

Au-\-f{u)=0 in O, 

where f : (0, -|-oo) —)■ M satisfies the property Pi mentioned in Lemma \2.1\ for some 
constant X satisfying X > — ^ 

Then, the Hausdorff dimension ofdooCl must be less or equal than 

In dimension n = 2, it must be possible to construct solutions to (11.31) in the set of points to a 
fixed distance from a complete geodesic in H^. This set has two points at infinity. As far as we 
know, these examples are not explicitly known, nevertheless we think that following the works of 
P. Sicbaldi lfT0l[39ll it would be possible to construct them. 

A. Ros and P. Sicbaldi |[35l proved narrow properties for /-extremal domains in the Euclidean 
Space based on geometric ideas developed in IfTSl for CMC surfaces. We are able to extend these 
geometric ideas to the context of OEP in Hadamard manifolds. Moreover, the hyperbolic structure 
of a Hadamard manifold will give information about the boundary at infinity of the /-extremal 
domain. As far as we know, there is no counterpart for this fact on CMC hypersurfaces properly 
embedded in a Hadamard manifold. That is, the equivalent to Conjecture A for CMC hypersurfaces 
would be 
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Conjecture B: Let M", n^3, be a simply-connected Hadamard manifold whose sec¬ 
tional curvature K is pinched as —ki ^ K ^ —k 2 < 0, with ki and k 2 two positive 
constants. Let E <Z M be a properly embedded CMC hypersurface whose mean curva¬ 
ture satisfies H = C, where C is a (big positive) constant depending on ki, k 2 and n. 

Let Q denote the mean convex side ofE in M. 

Then, the Hausdorff dimension of dock! must be less or equal than 

Also, a natural problem to be posed in analogy to the Euclidean case is: 

Conjecture C: Is the Berestycki-Cajfarelli-Nirenberg Conjeture true in H"? That is, 
if f is a Lipschitz function on M+, and Q is a smooth domain in H" such that 
is connected, then the existence of a bounded solution to OEP rti.31) implies that Q is 
either a geodesic ball B'fR) of radius R, a half-space determined by either a totally 
geodesic hyperplane or a equidistant hypersurface to a totally geodesic hyperplane, a 
generalized cylinder B^ (R) x where B^{R) is a ball in of radius R, a periodic 
perturbation of a generalized cylinder B^(R) x or the complement of one of 

them. 

We suspect that Conjecture C is not true for dimensions n ^ 3 without adding the periodic 
perturbations of a generalized cylinder. One could try to construct examples as P. Sicbaldi [[39ll did 
in the Euclidean case. 

We will prove the BCN-conjecture in dimension n = 2 under certain circumstances (see Theo¬ 
rem |4]2l). 


3 Symmetry and boundedness properties for the /-extremal 
domain on hyperbolic spaces 

In this section, we would like to investigate some symmetry and boundedness properties of the 
(bounded or unbounded) domains Q. C H"(—k) on which the OEP (11.41) has a solution u G C^(0) 
(i.e., /-extremal domain). In order to obtain those results, it is better to use the Poincare disk 
model. Here, we make an agreement that in the sequel, unless specified, H" will stand for H'/—1). 

3.1 An important conclusion 

In this subsection, we give an important result which is the cornerstone of the usage of the moving 
plane method in the next subsection. 

It is clear the equation (11.41) is invariant under rotations and hyperbolic translations. Invariant 
means that, if w is a solution to (11.41) in kl, and e/': H" —)■ H” is a rotation or a hyperbolic translation, 
then v{p) = u(J^(p)) is a solution to (11.41) in = J^“^(f2). 

However, in order to obtain symmetry conclusions on the /-extremal domain, we must verify 
that (11.41) is invariant under reflections of H". 

Eet P be a totally geodesic hyperplane of H", Then, P divides H'’ into two connected com¬ 
ponents P^ and P , i.e., M"\P = P^ UP^. Eet : H'’ —)■ be the isometry such that 
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^p{P^) = P~, ^p{P^) = /’+ and leaves invariant P, ^p{P) = P. That is, ^p is the reflection 
through P. 

Let Q be a (bounded or unbounded) eonneeted and Mp be the refleetion through P on H". 
We denote by Q. the eomponent QflP , that we assume to be nonempty, and denote by Q+ its 
refleetion through P, i.e., ^2+ = Mp{Q.-). Define a funetion w{p) as follows 

w{p) = u{^%{p)) for p (3.1) 


For the funetion w, we ean prove the following. 

Lemma 3.1. The function w{p) defined by t l3.il) satisfies the first PDE in the OEP t li.4l) . 


Proof. Here, in order to simplify eomputations, we use the upper half-space model of H". By the 
upper half-spaee model, H” ean be identified with the upper half-spaee 




equipped with the metrie g_i 


rfyi+rfy 2 + +dyn ^ model, ^p is given as follows 


: (T,y„) 


(>^0,0) + 


t\Y-YQ,y„) 

\y-ytt\^+yV 


(3.2) 


with t G M and Y := ■ ■ ^yn-\)^ whieh are Euelidean inversions of the upper half-spaee 

w.r.t. the Euelidean half-sphere with eenter (Tq^O) and radius t. Reeall that Euelidean half-spheres 
eentered at (Tq^O) and radius t are totally geodesie hyperplanes in the upper half-spaee model of 

H". 

Without loss of generality, sinee (11.41) is invariant under rotations and hyperbolie translations, 
we ean ehoose To = (0,0,... ,0) and tQ= \ here. Then for any point p = (yi,y 2 , • • • ,yn-i,yn) = 
(T,y„), we know that M is given by 


M{p) 



(3.3) 


with I ■ I the Euelidean norm of M". 

Now, in order to show that w{p) verifies the first PDE in (11.41) at p, we need to ealeulate its 
Hessian. Set e, = (0,..., 0,1,0,..., 0) G TpW = R", whose i-th (1 <i<n) element is 1 while the 
others are 0. It is easy to eheek that g_i(e,,ey) = 5ijjyj^, 1 < ij < n, where are the Kroneeker 
symbols. This implies that {ei,e 2 , • • • is an orthogonal basis of TpIHI". By (13.31) we have 


and 


2(p,efe)R» 


d^p{ek), 
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where (•, •)r« is the standard Euelidean metrie, and V, d are the gradient operator and the differ¬ 
ential operator on H”, respeetively. For convenienee, in this proof, we would like to rewrite (•,•)»« 
as (•,•). 

Let 


Vk := 


ek 

\P? 


'^{P^ek) 

\P\^ 


for any \ <k<n, and p' = k%{p). Clearly, we have 


p' = ^{p) 



{Vk,P) 


jp.ek) 

\P\^ 


d^w ^ du d^M^ y, d^u dd^^ d^^^ 

dxidxj ^ ^ dM^ dxidxj'^\^i dM^d^^ dxi dxj 

= L^n7:^+HessO(M)p, {dMp{ei),dMp{ej)) , 


(3.4) 


where Hess® is the Hessian w.r.t. the standard Euelidean metrie of M". On the other hand, by the 
definition of the Hessian operator, we have 

2 

-(p) = Hess®(e^^)p(e,',ey) = {{p,ei)5jk+ {p,ek)5ij + {p,ej)5ik) + 


dxjdxj 


g 

+j^{P,(^i){P,ej){P,ek) 


and 


du 


= dUpi{dMpi{ek)) =dup{vk). 


(3.5) 


(3.6) 


Set Vk := = ek- Clearly, -t-2(p, Vk)p, and {vi,V 2 ,..., v,,} is an orthonormal 

base at p' sinee, for any 1 < / < n, we have 


{vk,vi) = {ek,ei) -4 


{P,ek){p,ei) , .{p,ek){p,ei) 2 




+ 4- 




ipr = 4/. 


By (13.51) and (13.61) . we have 

^ d^t%^ du , . 

L ^--7 


dx} d^^ 




\p\ 


2 8 

(2(p, ei) 5ik -h (p, ek )) dup^ (vk) + (p, e/)^ J^(p, ek)dupf (v^) 

k \P\ k 


:{p,Vi)dUpf{Vi) + 


where in the last equality of (13.71) . we have set a := 'Lk{p^Vk)dUpi{vk) = (yu{p'),p). Combining 
(13.41) and (13.71) . we have 


Hess®(w)p(e,,e,) = Hess°(M)p/(v,, V/) -f ^{p,vi)dupi{vi) + 


2 8(p,v,-)^ 

|p|6 |p|4 


dupi{p). (3.8) 
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By the definition of we have for any p G H”, with y„(/>) = {en,p)- Set 


= e^P{■,■). Clearly, p = —log(y„). So, we have 

v"p(p) = 


{p,en) yn{py 


where V® is the gradient w.r.t. the standard Euelidean metrie of M". 

Note that the hyperbolie metrie is conformal to the standard Euelidean metrie of M” and 
henee, by direet eomputation, for any / G C^(]H[") and any X,y G ,^(E["), ^(M") the set of 
smooth veetor fields on H", we have 


Hess(/)(x,y) = HessO(/)(x,y) + (x,y)(vV, v^p) - (X, vOp)(vVT) - (vOpT)(V/,X). 


Therefore, by applying the above formula, we ean direetly obtain 
Hess(w)p(e/,e/) = Hess®(w)p(e/, e,) - 
and 


^ {V\{p),en) + ^^^^{y^w{p),ei), (3.9) 


(P,en) 


{P:e„) 


1 


Hess(M)„/(v,',v,') = Hess®(M)„/(v,-,v,') - --(V°M(p'),e„) + (V^m(p^), v,-). (3.10) 


2(v/,e„) 


} P \^) P 

On the one hand, we have 


|p|^(p,e«) 


(P,e«) 


and 


dwp{ei) = (W(p),e,-) = dupf{vi) = {'^^u{p ),v/), 
V°w(p) = Y,dwp{ei)ei = Y,dUpfvi)ei 

i i 




Y^dupfvi){p,vi)p 


\P\ 


(3.11) 


whieh implies that |Vm|(p') = |Vw|(p) in the sense of the hyperbolie metrie g_i. 

On the other hand, the gradient of a funetion / by a eonformal ehange of metrie is given by 


V/(p)=e2P(^)vV(p). 


(3.12) 


By Remark [LTI we know that the first PDE in (11.41) ean be rewritten as = 0 with = 
Tr (AV^u) + f{u, |Vm|), whieh is independent of the ehoiee of loeal eoordinates. If we ehoose an 
orthogonal basis {ei, • • • , e«} at some point of H”, then V^u{p) ean be diagonalized, whieh implies 
that in this setting, we have 

n 

^u{p) = |Vm(p')|) (g_i(v/,v,-))"^Hess(M)p(v/,v/) +/(m, |Vm(p')|). 
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Similarly, we can get 

^w{p) = L II) 1 Hess(w)p(e,-, e,-) + /(w, | Vw(/?) |). 

!=1 

Substituting (I3.8I) - (I3.12I) into the above two equalities, we can get J^u{p') = ^w{p) = 0 for any 
p G This completes the proof of Lemma [3Tl □ 

Remark 3.2. Clearly, as a special case of the OEP (11.41) . the function w{p) defined by (13.11) also 
satisfies the first PDE in the OEP (11.31) . 

3.2 Symmetry properties of the /-extremal domain 

Suppose now Q is an open (bounded or unbounded) connected domain in H" whose boundary is 
of class and on which there exists a solution m G C^(0) to the OEP (11.41) . 

As we pointed out above, there exists a close relation between OEP and properly embedded 
CMC hypersurfaces in the hyperbolic space. A. Ros and P. Sicbaldi [[35ll showed this when the 
extremal domain is contained in the Euclidean Space O C M”. In this case, they showed analogous 
results to those for properly embedded CMC hypersurfaces in the Euclidean Space developed by 
Korevaar-Kusner-Meeks-Solomon If25l[2^13^ . 

In the Hyperbolic setting, our aim is to extend Eevitt-Rosenberg Theorem ETll for OEP. In 
certain sense, the hyperbolic geometry imposes more restrictions to the extremal domain than the 
Euclidean geometry. Specifically: 

Theorem 3.3. Assume that Q is a connected open domain in H", with properly embedded 
boundary E, on which the OEP ( 17.41) has a solution u G C^(0). 

Assume that d^Q. C E, where E is an equator at the boundary at infinity Let P be 

the unique totally geodesic hyperplane whose boundary at infinity is E, i.e., dooP = E. 

It holds: 

• If do^Q = 0, then Q is a geodesic ball and u is radially symmetric. 

• Ifd^Q. / 0, then Q is invariant by the reflection through P, i.e., = O. Moreover, 

u is invariant under Idf, that is, u{p) = u{M{p)) for all p E LI. 

We shall recall before we continue the relation between isometries of the Hyperbolic Space H" 
and conformal diffeomorphism on the sphere at infinity It is well-known that an isometry in 
H" induces a unique conformal diffeormorphism in ^ and viceversa. 

Hence, in the above Theorem 13.31 we only need to assume that do^Ll C dB^n-\{x,r), where 
(x, r) is the geodesic ball in centered at x of radius r G (0, k). In particular, an equator 
centered at x, E{x), appears when r = %I2. 

If r / ;r/2, it is clear that there exists a unique conformal diffeomorphism such that 

=E{x). 

This conformal diffeomorphism corresponds to a hyperbolic translation that take Pr into P. 
Here, Pr and P are the totally geodesic hyperplanes whose boundary at infinity are dB^n-i (x, r) 
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and E (x) respectively. Since the OEP (11.41) is invariant under hyperbolic translations and rotations, 
then we only need to consider the equator centered at the north pole n G ^ in Theorem [331 
So, from now on, let E denote the equator centered at the north pole n G S" ^ and let P be 
the totally geodesic hyperplane whose boundary at infinity is E. Let 7 : M —)■ H" be the complete 
geodesic (parametrized by arc-length) joining the south and north poles, s,n G S" ^ . Let P{t) be 
the totally geodesic hyperplane orthogonal to /(t) at y{t) G P{t) for all t G M. It is clear that 
{L(t)}f£R defines a foliation of H” by totally geodesic hyperplanes such that L(0) = P. 


Proof of Theorem 13.31 Let ybe the complete geodesic joining the south and north poles and {L(t) }feR 
be the foliation by totally geodesic hyperplanes orthogonal to 7 given above. 

Since d^Q. C E, there exists T <0 such that P{t) ft = 0 for all t ^ T. So, we can increase t 
up to the first contact point of dQ. and P{t). Set ^ 0 as this point. 

We can assume t\ < 0, otherwise we begin with the foliation coming from +00 and hence, we 
must find ^2 > 0 such that P{t) fl = 0 for all t > t 2 and P{t 2 ) has a first contact point with dO.. If 
t 2 were 0, then Q.C P, which is a contradiction. Hence, up to a rotation, we can assume ti < 0. 

Since dooP{t) fl do^Q. = 0 for all t fO, we have that := P~{t)nQ. is relatively compact in M 
for all t G (ti,0). Here, P~{t) denotes the connected component of H" \L(t) containing the south 
pole s on its boundary at infinity. Analogously, we define Q.f = P^{t) fl fl. 

Lor each t G (ti,0), set the reflection through P(t) and := .^f(flf). Since E = dfl is 
C^, there exists e > 0 such that c for all t G (ti,ti + £). 

Now, for each t G -t-e) define a function Vt{p) = u{Mt{p)), p G By Lemma 1341 it 
follows that Vt also satisfies the first PDL in the OLP (11.41) . So, we can obtain that the function Vt 
satisfies 


£ afvt,\'^vt\)■dl^vt + f{v, |Vvf|) = 0 in 

< Vt{p) = u{p') if 

vt{p)=0 if 

(Vvr,v)H« = a on 


p' G dOl^Pf), 
p G dClf ncomp(P(t))), 
dflf ncomp(P(t)), 


where comp(P(t)) is the complement set of the hyperplane P{t) in El". Here we would like to 
point out one thing, the Neumann data will not change by the reflection 3ft through the hyperplane 
P{t), 3ft inverts the gradient vector and the unit outward normal vector simultaneously. Since 
the gradient is constant along the normal direction (Vw, v)h« = a, then w — v? > 0 in Clf for all 
t G (tiji + e), shrinking e if necessary. 

Define the quase-linear elliptic operator Q as 


Qh := \Vh\) ■ dih + f{h, |Vh|), h G C^U), 

i=l 


where U is a relatively compact domain in El". 

Then, since u and Vt satisfy Qu = 0 = Qvt, it is easy to get (cf. li2T]l l that the function Wt:=u — Vt 
satisfies a second order linear uniformly elliptic equation 


( Qiwt) = 0 in 
Wt>0 in 

Wt = 0 on 

Wt'^0 on 


a+, 

da+npf), 

dQf Dcomp (P(t)), 


(3.13) 
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where the last inequality in the above OEP holds sinee u is positive in Q. and v? = 0 on dCl^ nP{t). 

Now, we elaim that: 

• either C and Wf > 0 in Cl^ for all t G (ti,0), 

• or, there exists f G (ti, 0) sueh that P{t) is a hyperplane of symmetry for Q., that is, ^ti^) = 

a. 

If this were not true, one of the following situations will happen: 

(A) There exists t G (ti, 0) such that C and Wi{q) = 0 at some interior point q G 

(B) There exists t G (ti,0) such that is internally tangent to the boundary of at some 
point not at Pit) and Elf C Elf for all t G (0,t). 

(C) There exists f G (ti, 0) such that P{t) arrives at a position where it is orthogonal to the bound¬ 
ary of El at some point. 

If (A) happens, applying the strong maximum principle for linear elliptic operators to wj yields 
M — Vf = 0 in Elf, which implies that Elf = Therefore, 

• either P(f) is a hyperplane of symmetry for El, in which case dooEl = 0 and u(p) = ui^fp)) 
for all p E El, 

• or Wf > 0 in as long as Elf C Elf. 

Assume that (B) happens, that is, there exists t G (ti,0) such that Elf is internally tangent to 
the boundary of at some point p not at P{t) and C Elf for all t G (0, t). Clearly, we have 
wj = u — Vf = 0 at Together with L(wf) = 0 in Q.f, by applying the Hopf boundary maximum 
principle it follows that 


(Vwf,v)e«>0 aip. 

However, this contradicts the fact that (Vm, v)e" = (Vvf, v)h« = ct. Therefore, 

• either/’(f) is a hyperplane of symmetry for El, in which case dcoEl = 0 and u{p) = u{^i{p)) 
for all p E El, 

• or is never internally tangent to the boundary of for all t G (ti,0). 

Assume (C) happens, that is, suppose that there exists t E (ti,0) such that P{t) arrives at a 
position where it is orthogonal to the boundary of El at some point q. In this situation, even though 
we have wj = u — vj = 0 at q, the boundary maximum principle cannot be applied directly since 
^ is a right angled corner of Elf and the requisite of the interior tangent ball is not available. We 
need to use a more delicate version of the boundary maximum principle to overcome this obstacle 
similar to what has been done by Serrin [|^ . 

For this, we will show first that wj has a zero of second order at q. In order to simplify the 
computation, we can use an isometry of H" to take the totally geodesic hyperplane P{t) to 
the equator passing through the origin given by x\ = 0. Of course, the image of q lies on this 
hyperplane. Furthermore, we can choose suitably such that the inner normal at q of the image 
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of Q lies along the z„-axis. Henee, instead of introdueing new notations for the images of domains 
under we may assume that the totally geodesie hyperplane is given by xi = 0 and the inner 
normal to at ^ lies along the j£:„-axis. 

Sinee the boundary of Q is of elass C^, in a suffieiently small neighborhood of q, the boundary 
of Q. can be seen as a graph over the eoordinate hyperplane = 0, whieh implies that there 
exists a twiee eontinuously differentiable funetion (p sueh that in this small neighborhood, dO. is 
represented by 


Xn = <?>(vi,V2,...,X„_l). 

So, near q, the Diriehlet eondition m = 0 ean be rewritten as 

m(vi,V2,...,x„_i,(P(xi,X2,...,v„_i)) =0. (3.14) 

From the loeal representation of near q, it is not diffieult to eonstruet a normal field, 1^, to 
do. given hyl^ — — £ + The orthogonality of to the boundary dO. near q ean be 

i=\ ‘ ' " 

eheeked easily since the hyperbolic metric g i is conformally equivalent to the Euclidean metric. 
Let 


p(z) 


4 



d 

(1- 

z 

2^2 

\dxi 

z dxi 


i= l,2,...,n-l, 


where |z| is the Euclidean norm of a point z, and is the hyperbolic metric. Normalizing i 
the hyperbolic sense yields an inward unit normal field of as follows 


m 


d _ 1 

dn y/p 




■A^. 


So, the Neumann-type condition (Vw, v)Hn = a can be rewritten as 


day du du ^ 

L——+ —= 


1 




dxi dxi dxn 

Differentiating (13.141) w.r.t. the variable Xi, 1 ^ i ^ n — I, results into 

du du dcp 


(3.15) 


+ ■ 


(13.151) . it follows that 
du 


dxi dx„ dxi 

dxj 


= 0 . 


(3.16) 


Evaluating (13.161) at q, where = 0 for 1 ^ z ^ n — 1, we have = 0. Together with 


dx„ 


-a ■ 


\ 


n—\ 


i + I 


/=1 


dcp 

dxi 


■Vp 


= -cc\/p\ 


q- 


(3.17) 
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Differentiating (13.161) w.r.t. x, for 1 ^ ^ n — 1, evaluating at q and using (13.171) . we have 


d^u 


dx} 


du d^(p 


dxn dxf 


= a 


V* 5 (S)’ 


Vp 


d^(p 


dx} 




. (3.18) 


Differentiating (13.151) w.r.t. xi yields 


d^(p du d(p d^u ^ d^u ^^/p 


(9a:? dxi dxi dxf dx„dxi dxi r i=\ \dxij 


i + L 




a-VP- 


dx; 


i + y(^ 

\ h 


(3.19) 


Note that for 1 ^ z ^ n — 1, = 0, ^.\q = 0, and -^\q = 0 (this is beeause y/p is a radial 

funetion and ^ is tangent to a sphere eentered at the origin o). So, evaluating (13.191) at q, we ean 
obtain 


d^u 


dxndxi 


-a-yfp- 


n—\ 


dxi 1 ^ § \dxi) 




= 0 . 


(3.20) 


Applying the faet that Qu = 0, and together with (13.181) . we ean evaluate at q as follows 

0(^2 


d^u 


'^n\q 


dxi 


n— 1 

= -f\q~ y,cc-ai\ 

^ i=\ 


n— 1 


1 + ■^/p 


\ tl \^^kj 


d^(p 
q dxf 


(3.21) 


Now, we need to ealeulate the seeond-order partial derivatives of v = zz o at As we have 
mentioned above, through the suitable isometry on H", the totally geodesie hyperplane P{t) ean be 
given by a:„ = 0 and the inner normal veetor of (9f2 is along A:„-direotion. Therefore, in this setting, 
the Alexandrov refleetion M ean be given simply as (a:i,a: 2 , ... ,a:„_i,a:„) —)■ (a:i,a: 2 , ... —a:„) 

along the a:„— axis, and eorrespondingly, the funetion vj ean be expressed as follows 

Vf (xi, X2, . . . , x„_ 1, X„) = m(xi , X2, . . . , x„_ 1, -X„) . 

Therefore, for 1 ^ z ^ zz — 1, we ean get that 

dvf du d^Vj d^u 


dvj du ^ 
dxi dxi ’ dx„ dXfi ’ 


dxidXfi 


dxidxn 


= 0 , 


d^u _ d\ 
dxf dxf 


and 


d^Vt d^u (9^(p 


= 0 . 
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Here we would like to point one thing, that is, sinee in the situation (C), the refleeted cap Cl^ 
is contained in , the inner normal vector of dQ. at q is along the x^-axis, and the function (p 

is twice continuously differentiable, one can get = 0 for 1 ^ ^ n — 1 by applying Taylor’s 
theorem with remainder. So, we know that all the first-order and second-order partial derivatives 
of u and vj agree at q. Applying [|^ Lemma 2] to m — vj, which is called the boundary point lemma 
at a corner therein, we can obtain that either > 0 or > 0, where ^ denotes a 

constant vector field such that enters Q. non-tangentially. Clearly, this is contradict with the 
fact that all the first-order and second-order partial derivatives ofu — vj vanish at q. 

Therefore, 

• either P{t) is a hyperplane of symmetry for Q. and u{p) = u{Mf{p)) for all p G in which 
case dooO. = 0, 

• or P{t) never arrives at a position where it is orthogonal to the boundary of Q at some point 
for all t e (ti,0). 

Summing up the above argument, we have shown that 

(1) either Q+ C Q+ and Wj > 0 in for all t e (ti,0), 

(2) or, there exists t E (ti, 0) such that P(t) is a hyperplane of symmetry for Q, that is, Mt(fi) = 
and u(p) = u{Mt{p)) for all p eEL. 

If (1) holds, the same must hold if we begin from -|-oo, that is, EL^ C El^ and Wf > 0 in El^ for all 
t E (Odi)- But this implies that P = P(0) must be a hyperplane of symmetry and u(p) = u(M(p)) 
for all p E El. 

If (2) holds, then do^El = 0 clearly and so dc^El is included in all the equators of Let F 
the set of all possible totally geodesic hyperplanes P about which El is symmetric. In the group of 
Mobius transformations, let G be the closure of the group generated by the reflections on H" about 
the hyperplanes P in the family F. So, G is a compact group of isometries. 

Using an argument involving center of mass (cf. (241), we can get that G has a fixed point 
m eM". So, F consists of the set of all totally geodesic hyperplanes passing through m, and hence 
G contains the group of rotations about m. This implies that El is either a geodesic ball or a 
spherical shell. However, by characterization of each hyperplane in F, we know that El cannot be 
a spherical shell. So, El must be a geodesic ball and u is radially symmetric. 

This finishes the proof. □ 

Hence, as a corollary we have 

Corollary 3.4. Assume that El is a bounded connected open domain in H", with boundary, on 
which the OEP t li.4D has a solution u E C^(f2). Then El must be a geodesic ball and u is radially 
symmetric. 

Remark 3.5. If the first equation in the OEP (11.41) is simplified to be Am = —1 in El, then the 
conclusion of Theorem 13.41 has been obtained by Molzon (3^ . Equivalently, we have improved 
Molzon’s conclusion to a more general situation. 
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Now, we would like to give another interesting application. However, before that we need the 
following so-called basic hyperbolic geometry (cf. [fTTll l. 

Lemma 3.6. (Basic hyperbolic geometry) Let E be a connected properly embedded hypersurface 
in hyperbolic n-space H" whose asymptotic boundary consists of a single point x G ^ooIHI". Let P 
be a totally geodesic hyperplane such that x G d^P. If E is symmetric about every such totally 
geodesic hyperplane P, then E is a horosphere. Furthermore, ifPyf), Py{t) 7 ^ P is an arbitrary 
translated copy of P along a geodesic 7 cutting orthogonally P, then Py{t) flE is empty or else 
Pyit) nE is compact. 

In order to establish correctly the next result, we shall introduce some concepts on Hyper¬ 
bolic Geometry. Given any point at infinity v G dooS\ there exists a (n — 1)— parameter family of 
parabolic translations *^hat fix x at infinity and, hence, 

l7f{Hx{t)) = LIx{t) for all v G and t G M, 

where {//x(0}feR tho foliation by horospheres at x G dooW-. 

Hence, one can check that given any v G there exists two totally geodesic hyperplanes P\ 
and P 2 such that x G dooPi fl dc^Pi whose associated hyperbolic reflections ^ 1,^2 & Iso(E[") satisfy 

,^^-^ 10 ^ 2 . (3.22) 

So, given a horoball Dx{t), we can parametrize it as (0, -f«>) x by 

(0,+°o)xM”+i ^ Dx{t) 

{t,v) ^ 

where 7 (t) is a geodesic with initial conditions 7 ( 0 ) G Hx{t) and /(O) agrees with the inward 
normal of Hx{t) at 7 ( 0 ). 

Definition 3.7. Given a function u : Dx{t) ^ is horospherically symmetric if 

u{p) = u{FLf{p))for all v G 

Applying the above lemma, we can prove the following. 

Theorem 3.8. Assume that Q. is a domain in M", with boundary a properly embedded hyper¬ 
surface E and whose asymptotic boundary is a point xq G dacW, on which the OEP (\L4\) has a 
solution u EC^{Q.). 

Then, Q is a horoball Dx{t), for some t G M and u is horospherically symmetric. 

Proof. Since the boundary at infinity of is a single point, we claim that Theorem l3.3l implies that 
Q. is symmetric with respect to every totally geodesic hyperplane containing xq G dooE, that is, for 
any reflection G Iso(H") that leaves invariant a totally geodesic hyperplane P such that x G d,^P, 
we have that = Q and u(p) = u{l%{p)) for all p eLL. Hence, Lemma [3]6] implies that Q is 
a horoball and (13.221) implies that u is horospherically symmetric. 

Let us prove the Claim. Let 5g„-i(x, r) be any geodesic ball in that contains xo on its 
boundary, i.e., xo G (x, r). Let us denote by P(x, r) the unique totally geodesic hyperplane 

with boundary at infinity docP{x, r) = dB^n-\ (x, r). 

Then, there exists a unique isometry that takes dB^n-\ (x, r) into an equator Ex containing 
Xq. Hence, by Theorem [X3l the domain is symmetry w.r.t. the totally geodesic hyperplane 

Px with boundary at infinity dooPx = Ex. Thus, if we undo the isometry then Q. is symmetric 
w.r.t. the totally geodesic hyperplane J^xiPx) = P{x, r), as claimed. □ 
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This can be seen as the OEP version of the famous do Carmo-Lawson Theorem [fTTll . 

Remark 3.9. If the first equation in the OEP (11.41) is simplified to be Am = —1 in O, then the 
eonelusion of Theorem 13.81 has been obtained by Sa Earp and Toubiana ffT^ . Nevertheless, we 
have improved the eonelusion of Sa Earp and Toubiana in IfT^ to a more general situation. 

In partieular, Theorem 13.81 eombined with Theorem I2.6l vields 

Theorem 3.10. There is no (strictly) positive function u G C^(Q) that solves the equation 

Am + /(m)= 0 in Q, 

where f : (0, + 0 °) —> M satisfies the property Pi mentioned in Lemma 12.71 for some constant X 
satisfying X > , ifQ. is a domain in H" whose asymptotic boundary is a point, with boundary 

a properly embedded hypersurface E. 

Given any two distinet points at infinity x,y G (9oolH[", there exists a (m — 2)—parameter family 
of rotations }ee§n-2 that leave invariant /3, where /3 is the eomplete geodesie in H" joining v 
and y at infinity. 

Moreover, one ean eheek that given any 0 G there exist two totally geodesie hyperplanes 
Pi and P 2 sueh that /3 C Pi nP 2 whose assoeiated hyperbolie refleetions Iso(E[") satisfy 

^^=^10 ^2- (3.23) 

As above, one ean define 

Definition 3.11. Given a function m : —)■ M A axially symmetric w.r.t. /3 if there exists a 

complete geodesic fi in El" such that Mq (f2) = Q. for all 6 G and 

u{p) = u{^Q (p)) for all 0 G 

When n = 2, u is axially symmetric if there exists a complete geodesic such that (Q) = Q 
and u{p) = u{df^ (p)) for all p E Q., where G Iso(E[^) is the reflection that leaves invariant fi. 

Also, another eonsequenee of Theorem l3.3l and Definition [3]TT] is the following: 

Theorem 3.12. Assume that Q. is a domain in El", with boundary a properly embedded hyper¬ 
surface E and whose asymptotic boundary consists in two distinct points x,y E xf^y, on 
which the OEP ( 17.41) has a solution u E C^(Q). Then Q is rotationally symmetric with respect to 
the axis given by the complete geodesic fi whose boundary at infinity is {x,y}, i.e., /3+ = x and 
=y. In other words, Q. is invariant by the [n — 2)—parameter group of rotations in fixing 
p. Moreover, u is axially symmetric w.r.t. p. 

Note that Theorem 13.31 and Theorem 13.101 prove the BCN-eonjeeture in El" under assumptions 
on its boundary at infinity. 

Corollary 3.13. Assume that Q is a domain in H", with boundary a properly embedded hyper¬ 
surface E and whose asymptotic boundary consists at most in one point x E S"~\ on which the 
OEP ( 17.41) has a solution u eC^(LI). Then, 

• either Q is a geodesic ball and u is radially symmetric, 

• or Q. is a horoball and u is horospherically symmetric. 
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3.3 Graphical properties of the /-extremal domain 

We will assume that our /-extremal domain is unbounded, since otherwise Theorem 13.31 implies 
that ^2 is a geodesic ball. 

Assume that Q. is an unbounded open connected domain in El” whose boundary is of class 

and on which the OEP (11.41) holds. Let P be an oriented totally geodesic hyperplane which 
interests Q. So, P divides Il"\P into two connected components, and these two components are 
classified to be the interior set, denoted by inte«(L), and the exterior set, denoted by exte«(L), of 
P, respectively. 

Assume that P intersects Q.. Now, we can give a geometric property for bounded connected 
components of fiexte« (P) or ninte" (P) as follows. 

Theorem 3.14. Assume that Q D extn" (P) has a bounded connected component C. Then the clo¬ 
sure of dC n exte" {P) is a graph over dC fl P. 

Before to proceed with the proof, we will explain the meaning of graph in the hyperbolic 
context. 

Fix x,y G two distinct points at the boundary at infinity. Let /3 : M —?■ H” be the 

unique geodesic joining x and y, i.e., /3+ = x and /3^ = y. Consider the one parameter family of 
isometries of El” given by hyperbolic translations at distance t fixing /3, i.e., H” such 

that {^) = /3 for all t G M. Then, since is a one parameter family of isometries, it 

induces a unit Killing vector field G (El”), Moreover, for any totally geodesic hyperplane P 
such that x,y ^ d^oP, induces a foliation by totally geodesic hyperplanes in El” given by 

p{t) = £r^^{p),t eR. 

Given a totally geodesic hyperplane P, there exists a unique complete geodesic /3 : M —)■ El” 
such that X^{p) is orthogonal to TpP for all p E P. 

We say that E C El” is a graph over P if there exists a connected domain, K C P, and a function 
u: K ^R such that 

P€K}. 

Proof of Theorem 13.741 From the explanation above, for a given totally geodesic hyperplane P and 
two distinct points x, y at the boundary at infinity, if x, y ^ d^P, then for the unique geodesic /3 
joining these two points with /3+ = /3(+'>°) = x and ^ = y, a foliation P{t) = {P), 

t G M, which is orthogonal with /3 for any t G (—o°, +°°), can be built along /3. Moreover, P = 
/’(O) = {P). Since C C exte«(L) and it is bounded, there exists to > 0 such that 

P{t) n C = 0, for all t ^ to- 

Hence, decreasing t we will find some t which is a first moment such that P{t) DC / 0 and P{t) D 
C = 0 for any t > t. Therefore, since C is compact, there exists £ > 0 such that dC^ := (9C D 
exte«(L) is a graph over P{t), t G (t,t+ £). This claim follows from the Alexandrov reflection 
technique introduced in Theorem l3.3[ Let us explain this. As we did in Theorem 13.31 define 


:= (9Cnexte«(L), 
Cf : = (9C n intH« {P ), 
C+=.^/C+), 
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where is the refleetion through P{t). Henee, there exists e > 0 small enough sueh that 

whieh implies that that dC^ is a graph, in the sense defined above, over P{t). Now, deereasing t 
up to 0. Note that ifCf^ C Cj for any t G (0,t], then H extjjn (P) will be a graph over P and 
the proof finishes . Assume this is not true, then following the ideas in Theorem 13.31 two situations 
eould happen: 

(1) There exists t' G (0,f) sueh that P{t') is orthogonal to dC at some point q G Pf) fl dO, 

(2) There exists t' G (0,f) sueh that dC^ is internally tangent to dCf. 

In any of the above two eases, applying the maximum prineiple, either at the boundary or at the 
interior, as we did in Theorem 13.31 we will obtain that C is symmetrie w.r.t. the totally geodesie 
hyperplane P{t') . But this is impossible. 

Therefore, dC fl extH« {P) is a graph over dCP\P. □ 

Moreover, Theorem 13 .1 41 and its proof let us elaim the following four eonelusions. 

Corollary 3.15. Cr\P is connected. 

Corollary 3.16. The closure of dC fl exte" {P) is not orthogonal to P at any point in the sense of 
the hyperbolic metric g_i. 

Proof If the elosure dC fl exte" (P) were orthogonal to P, then Q. is symmetrie w.r.t. P, whieh 
eontradiets the faet that Q. is unbounded. □ 

Corollary 3.17. IfC' is the reflection ofC through P, then the closure ofCVJC' stays within Q. 

Corollary 3.18. Let Q, be a f-extremal domain of the OEP di.4D satisfying the property 

P 2 : There exists a constant R such that Q. does not contain any closed ball of radius 
R. 

Then it is impossible to construct a half-ball of radius R centered at some point in dC fl P and 
staying within C. 

Proof Suppose it were possible to eonstruet a half-ball of radius R eentered at some point in 
dCnP and staying within C. Then, by Corollarv l3.17[ the elosure of CUC' would eontain a elosed 
ball of radius R eentered at some point in dCfiP, whieh eontradiets property P 2 . Therefore, our 
assumption is not true. □ 

By Lemma [2Tl we know that for the OEP (11.31) . if / satisfies the property Pi, then its /- 
extremal domain Ll has the property P 2 . Together with Corollary 13.181 we ean easily get the 
following. 

Corollary 3.19. Let Q be a f-extremal domain of the OEP ( li.3D and assume that Q D extH« (P) 
has a bounded connected component C. 

If the function f in the OEP (17.31) satisfies the property Pi, then it is impossible to construct a 
half-ball of radius R^ which is determined by (12.31) . centered at some point in dC (IP and staying 
within C. 
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3.4 Concluding remarks 

It is interesting to highlight here the similarities between OEP in H", properly embedded CMC- 
hypersurfaces and the singular Yamabe Problem. 

We already have pointed out that Theorem l3.3l is the OEP eounterpart of the Levitt-Rosenberg’s 
Theorem [|T7ll for properly embedded CMC-hypersurfaees. Prom the point of view of the singular 
Yamabe Problem, V. Bonini, J.M. Espinar and J. Qing extended this for the fully nonlinear elliptie 
singular Yamabe Problems (ef [|5l Main Theorem B]). 

Por the sake of elarity, we will explain here what we mean for fully nonlinear elliptic singular 
Yamabe Problems. Pirst, we introduee the eonformally invariant elliptie PDE in the eontext of our 
diseussions. Denote 


^ := {(xi,--- ,x„) e M” -.Xi < 1/2,z = I,-- - ,zi} 

and 

r„ := {(xi,--- ,x„) :xi >0J= 1,2,--- ,n}. 

Consider a symmetric function /(xi,• • • ,x„) of zz-variables with /(Aq,A o,• • • ,Aq) = 0 for some 
number Aq <1 and 

r = an open connected component of {(xi, • • • ,x„) : /(xi, • • • ,x„) > 0} 


satisfying 

(1) (A,A,---,A)ern<^,VAG(Ao,i), 

(2) V (xi,--- ,x„) e rn*^, V (yi,-- - ,y„) G rn'^n((xi,-- - ,x„) +r„), 3 a curve 7 connecting 
(xi, ■ • • ,x„) to (y 1 , • • •, y„) inside E fl ^ such that / G r„ along 7 , 

(3) /GCi(r) and >0inr. 

Suppose g = e^Pgo is a complete conformal metric on a domain Q. of (S",go) satisfying 

/(Ai,...,A„) =C and (Ai,...,A„) G Enif in (3.24) 

for some nonnegative constant C, where (Ai,...,A„) is the set of eigenvalues of the Schouten 
curvature tensor of the metric g. We refer to equation (13.241) as the conformally invariant elliptic 

problem of the conformal metrics on the domain In particular, taking /(Ai,..., A„) = Ai H-h 

A„, we obtain the classical singular Yamabe Problem. 

Hence, this shows the intimate relationship between Theorem 13. 3 [ Levitt-Rosenberg’s Theorem 
ll27]l and Bonini-Espinar-Qing’s Theorem [|5l|. Moreover, Levitt-Rosenberg’s Theorem has two 
fundamental consequences in the theory: 

Lawson-do Carmo Theorem lUIll : The only properly embedded hypersurface E C H” 
of CMC H > \ whose boundary at infinity is a single point is the horosphere. In 
particular, H = \. In other words, there is no properly embedded hypersurface with 
CMC H > 1 in H" whose boundary at infinity is a single point. 


And 
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Hsiang Theorem Il23ll : Let E C H” be a properly embedded CMC hypersurface whose 
boundary at infinity consist in two distinct points. Then, E is invariant by the one 
parameter group of rotations in fixing x and y. 

In [|51, the authors obtained the analogous results to the do Carmo-Lawson’s Theorem and 
Hsiang’s Theorem in the eontext of fully nonlinear singular Yamabe Problems. For OEP, Theorem 
I3.8[ Theorem 13.101 and Theorem B. 121 give us the analogous results. 

Henee, this suggests that: 

Any problem for either OEP in H”, CMC-hypersurfaces in H" or Singular Yamabe 
Problems in S" has a counterpart in each category. 


4 Berestycki-Caffarelli-Nirenberg Conjecture in 

From now on in this section, we will focus on the two dimensional case, C Here, we will 
work on the Poincare ball model of that is, (D,g_i) = 

Let Q be an unbounded open connected domain in with a boundary of class C^, on which 
the OEP (11.41) has a solution u G C^(0). Moreover, we assume that Q has the property P 2 men¬ 
tioned in Corollary 13. 18[ Under this conditions, we can prove the Berestycki-Caffarelli-Nirenberg 
Conjecture in H^. 

Theorem 4.1. Let O C a domain with properly embbeded C^ connected boundary such that 
\ O is connected. If there exists a (strictly) positive function u G C^(Q) that solves i \1.4\l If Q. 
has the property P 2 mentioned in Corollarv \3.18\ then O must be a geodesic ball and u is radially 
symmetric. 

Proof. In if dooLl has more than two components, then \ O disconnects H^. Hence, dooLl 
has either only one component or none. 

If do^Q. = 0, then Theorem [SB] implies that O is a geodesic ball and u is radially symmetric. 

If do^Q. has one component, such a component must be a single point by Lemma l24l Thus, 
Theorem 13.31 would imply that is a horoball. Then Q. being a horoball will contradict Theorem 
12.61 This finishes the proof. □ 

In particular, if the OEP (11.41) is replaced by the OEP (11.31) . and the function / in (11.31) has the 
property Pi, then by Proposition 12. 1 1 we know that the /-extremal domain Q. of the OEP (11.31) has 
the property P 2 , which implies that Theorem 14. II still holds in this replacement. 

Theorem 4.2. Let Q C a domain with properly embbeded connected C^ connected boundary 
such that \ is connected. If there exists a (strictly) positive function u G C^{Q.) that solves the 
equation 


Au + f{u) = 0 

in 


u> 0 

in 


u = 0 

on 

do., 

(VM,v)e2 = a 

on 

do., 


where f : (0, -|-oo) —> M a Lipschitz function, then Q is either a geodesic ball or a horoball. 

Furthermore, if f : (0,-|-oo) —)■ M satisfies the property Pi mentioned in Lemma [ZTl for some 
constant A satisfying X > j, then Q must be a geodesic ball and u is radially symmetric. 


























J.M. Espinar and J. Mao 


32 


4.1 Cylindrically boundedness 

When we are dealing with /-extremal domain in the graphical properties developed in Sub¬ 
section 3.3 will imply the cylindrically boundedness of ends of Q. that are topologically a half 
strip [0,1] X (0,-1- OO^ . An end £ C is topologically a half-strip if there exists a compact set 
K such that £ is a connected component of \ .ST and there exists a homeomorphism 

h: [0,1] X (0,+oo) 

Remark 4.3. This is the counterpart in OEP of being a properly embbeded annulus for CMC 
hypersurfaces. 

By using a similar method to that in the proof of [l35l Lemma 6.1], which follows geometric 
ideas in ffTSlI . we can bound the maximum distance that a bounded connected component C C 
f2nextjj2(5) can attain to 5. Specifically, 

Lemma 4.4. Let Cl be a f-extremal domain of the OEP t li.4D satisfying the property P 2 . 

Let C be a bounded connected component ofClH extj|2 (5), and let h{C) be the maximal distance 
of dC to 5 in the sense of the hyperbolic metric g_i. Then we have h{C) ^ 3R. 

The proof is a clever use of the reflection technique and using the condition that there is no ball 
of a certain radius inside. The proof in the hyperbolic case mimic that of the Euclidean case, with 
the obvious use of the reflection technique developed in Theorem [331 

Moreover, this Lemma |4^ is not that fundamental in the hyperbolic setting. It will implies that 

Lemma 4.5. Let Cl be a f-extremal domain of the OEP t li.4D satisfying the property P 2 . 

Any end E of Cl which is topologically a half-strip must be cylindrical bounded. That is, there 
exists a geodesic 7 and a uniform constant C (depending only on R and dE HK), such that 

d{p, 7) < Cfor all p &E, 

here d is the distance w.r.t. the hyperbolic metric g_i. 

Another way to see Lemma 1431 is saying that. 

Lemma 4.6. Let Cl be a f-extremal domain of the OEP di.4l) satisfying the property P 2 . The 
boundary at infinity of an end E which is topologically a half-strip must be a single point and, 
moreover, such a point at infinity must be a conical point of radius r uniformly bounded by R and 
dEf\K. 

This Lemma 1431 is fundamental in the Euclidean case (cf. Ii35ll f. However, in the Hyperbolic 
setting we already have Theorem [23] which implies Eemma [431 As we pointed out, the Hyperbolic 
geometry imposses more restrictions than the Euclidean geometry. Nevertheless, we think it is 
important to address these properties for future applications. 

4.2 Concluding remarks 

In dimension 2 we think it must hold: 
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BCN-Conjecture in : Let Q.gM^ be a domain with properly embedded bound¬ 
ary and such that \ is connected. If there exists a (strictly) positive bounded 
function u E C^(Q) that solves the equation 


Au-\- f(u) = 0 

in 


u> 0 

in 


u = 0 

on 

dLl, 

(VM,v)e2 = a 

on 

dLl, 


where f : (0, +oo) -E-^is a Lipschitz function, then Q, must be either 

• a geodesic ball or, 

• a horoball or, 

• a half-space determined by a complete geodesic or, 

• a half-space determined by a complete equidistant curve, i.e., a complete curve 
of constant geodesic curvature kg E (0,1), or, 

• the complement of one of the above examples. 


5 A height estimate 

From now on in this section, we will focus on the two dimensional case, C Let Q be an 
unbounded open connected domain in with a boundary of class C^, on which the OEP (11.41) 
has a solution u E (LI). Let determined by (12.31) with n = 2, be the radius of the geodesic 
ball oil which the first Dirichlet eigenvalue of the Laplacian is A (i.e., X\ = A), 

and let v be a chosen eigenfunction of Ai (^A,n) such that 

(Vv,v)h2 = a. 

For this moment, we assume that a fO. Set 

ho := max v = v(7?). 

{pExf 


Clearly, ho depends on a and A. The last equality in the above expression holds since v is a radial 
function and is decreasing along the radial direction. 

By applying a similar method to that in the proof of ll35l Propostion 5.1] that follows geometric 
ideas developed in [[T5]| . We can prove the following. 

Proposition 5.1. Assume that an unbounded open connected f-extremal domain LI of the OEP 
( 17.41) satisfies the property P2 mentioned in Corollary 13. 7 SI (here for coherence of the usage of 
notations in the argument of this subsection, we use Rx y^ to replace R in the property ¥ 2 ). Let LI' 
be a connected component of 


{x E Ll\u(x) > ho}. 

Then the diameter of Li! is smaller than 2Rx 
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Proof. Suppose first that Q! is bounded. Let d be the diameter of O!, and suppose that d ^ 2Rx 
As we have pointed out in Subseetion 3.1, x R ean be represented by ^ + '^2 

1} with the metrie (•,•) := g^i +dt^, and the one-to-one eorrespondenee between and © is 
given by a stereographie projeetion y'. Clearly, 5^ maps a bounded domain on into a bounded 
domain eontained in D without interseeting Sinee Q is unbounded, the image of Q under the 
mapping whieh by the abuse of notations we also denote by Q, must have at least one boundary 
point q* at infinity, that is, q* E S^, flLet qi, q 2 be two points in sueh that the hyperbolie 
distanee between q\ and q 2 is d, and £ a eurve in Q.' joining qi and q 2 (of eourse, if Q. is regular, 
£ ean be taken in its boundary). Sinee the hyperbolie distanee between qi and q 2 is d, there exists 
a eomplete geodesie Li passing through qi and q 2 , and the part of Li eonneeting qi and q 2 is 
eontained in Q.' eompletely, and we denote this part by qiq 2 . Clearly, the length of qiq 2 is d. Let 
m be the midpoint of the eurve q\q 2 , and let L2 be the eomplete geodesie passing through m and 
orthogonal to L\. Set L = {L\\q\q 2 ) U£. Clearly, L divides D\r into two eonneeted eomponents, 
and we denote them by H\ and H 2 respeetively. Let p G L2 n//2 be a point very far way from Ql in 
the sense of the hyperbolie metrie g_i. Now, eonsider the graph G of the eigenfunetion v defined 
on B^2{p,Rx^n) by (12.31) with the Neumann boundary value (Vv,v)]fj2 = a, and move the point 
p along the eomplete geodesie L 2 towards Q!. Since the length of qfqx is d ^ 2Ri ,^, u{x) > ho 
for X E Q!, and w = 0 on dQ., there will exist a first contacting point between the moved graph G 
and the graph of u over Q. at some interior point of Q. or the boundary of Q. Both situations are 
impossible by applying the Hopf maximum principle (both the interior and the boundary versions). 
So, our assumption is not true, which implies that d < 2Rx ^ for the case that Ql is bounded. 

Suppose now that Ql is unbounded, there exists a divergent curve y{t), contained in Ql with 
lim 7(0= bm 7(t) = ^*, such that an arc £ C 7(t) satisfies the property that the boundary points 

f —00 f—!.-f00 

qi, q 2 of £ have a hyperbolic distance greater than and equal to 2Ri „. Then one can repeat the 
above argument to get a contradiction. This completes the proof. □ 

Remark 5.2. By [[35l Remark 5.2] and the method in the proof of Proposition 15. li it is easy to 
explain that the Neumann boundary data a cannot vanish. 

We can obtain the following result by applying Proposition [5T| directly. 

Theorem 5.3. Let Q be an unbounded open connected f-extremal domain Q of the OEP ( li.3D . 
and let Ql be a connected component of 

{x E Q\u{x) > ho}. 

If the function f satisfies the property Pi mentioned in Lemma I2.il then the diameter of Q' is 
smaller than 2Rx n- 
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